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ABSTRACT
In recent years star formation has been discovered in the Milky Way’s warp. These stars formed in
the warp (warp stars) must eventually settle into the plane of the disc. We use an N-body+smooth
particle hydrodynamics model of a warped galaxy to study how warp stars settle into the disc. By
following warp stars in angular momentum space, we show that they first tilt to partially align with
the main disc in a time scale of ∼ 1 Gyr. Then, once differential precession halts this process, they
phase mix into an axisymmetric distribution on a time scale of ∼ 6 Gyr. The warp stars end up
contaminating the geometric thick disc. Because the warp in our fiducial simulation is growing, the
warp stars settle to a distribution with a negative vertical age gradient as younger stars settle further
from the mid-plane. While vertically extended, warp star orbits are still nearly circular and they
are therefore subject to radial migration, with a net movement inwards. As a result warp stars can
be found throughout the disc. The density distribution of a given population of warp stars evolves
from a torus to an increasingly centrally filled-in density distribution. Therefore we argue that, in
the Milky Way, warp stars should be found in the Solar Neighbourhood. Moreover, settled warp
stars may constitute part of the young flaring population seen in the Milky Way’s outskirts.
Key words: stars: kinematics and dynamics – galaxies: disc – galaxies: star formation
– galaxies: structure – galaxies: evolution
1 INTRODUCTION
Warps are common features in disc galaxies, both in their HI
gas (Sancisi 1976; Bosma 1991; Garćıa-Ruiz et al. 2002) and,
to a lesser extent, in their stars (Reshetnikov et al. 2002). In
the Milky Way (MW), a warp in the Hi has long been known
(Kerr 1957; Weaver & Williams 1974; Levine et al. 2006;
Kalberla et al. 2007), while subsequently a stellar warp was
also observed (Djorgovski & Sosin 1989; Porcel & Battaner
1995; Freudenreich 1998; Drimmel & Spergel 2001). The ex-
tent of the stellar warp, traced by red clump (RC) stars, in
the MW was measured by López-Corredoira et al. (2002)
and found to reach a maximum height of |z | ∼ 1.5 kpc at
R ≤ 14 kpc on both sides of the disc.
The cause of warping in galactic discs is still not
definitively established, with several mechanisms proposed
(see the reviews of Binney 1992; Kuijken & Garcia-Ruiz
2001; Sellwood 2013). These include tidal interactions,
direct gas accretion, and disc-halo interactions. In the
MW, tidal interaction with the Large Magellanic Cloud
(LMC) and the Sagittarius dwarf galaxy (Sgr) have been
considered possible sources of the warping (Weinberg
1998; Jiang & Binney 1999; Bailin 2003; Purcell et al.
? E-mail: astrotkh@gmail.com
2011; Gómez et al. 2013; Laporte et al. 2018). Alterna-
tively, misaligned cold gas accretion has been proposed
(Ostriker & Binney 1989) and found in cosmological simu-
lations, particularly in MW-like models (Roškar et al. 2010;
Stewart et al. 2011; van de Voort et al. 2015; Gómez et al.
2017; Starkenburg et al. 2019; Duckworth et al. 2020), to
be the cause of galactic warps in a significant number of
cases. In the TNG100 run of the IllustrisTNG cosmological
simulation suite, Semczuk et al. (2020) showed that 16% of
galaxies had S-shape warps and only a third of them had
their warps tidally induced by other galaxies. The hot gas
corona is a component that is thought to encompass galax-
ies such as the MW and may be the main source of ac-
creting gas. Moreover, cosmological simulations have long
shown that the angular momentum of hot gas coronae is
usually misaligned with the halo and stellar discs embedded
within them (van den Bosch et al. 2002; Chen et al. 2003;
Bailin et al. 2005; Sharma & Steinmetz 2005; Roškar et al.
2010; Gómez et al. 2017; Earp et al. 2019). Additionally,
this misaligned infall of cooling gas has been shown in iso-
lated (Debattista et al. 2015a) and cosmological simulations
(Earp et al. 2019) to tilt the stellar disc and maintain its
misalignment with the halo. Such misalignments between
halos and their embedded stellar discs have been inferred


































2 Khachaturyants et al.
Nierenberg et al. 2011; Li et al. 2013) and proposed to be
occurring in the MW (Debattista et al. 2013). Misaligned
gas accretion can enable the persistence of warps as gas is
continuously accreted onto the outskirts of discs.
Evidence of cold gas accretion has been inferred in ex-
ternal galaxies via large complexes of Hi at the outskirts
of spiral galaxies (Fraternali & Binney 2008; Sancisi et al.
2008; Westmeier et al. 2011; Zschaechner et al. 2015). Cos-
mological simulations have shown that highly misaligned
cold accretion along filaments can cause polar-ring galax-
ies (Macciò et al. 2006), and measurements of the metal-
licity of polar rings supports this scenario (Spavone et al.
2010). In the case of the MW, the gas accretion scenario
not only provides an explanation for the origin of the warp
but also for the near-constant star formation rate (Twarog
1980; Binney et al. 2000). In principle, both the gas accre-
tion and tidal interaction mechanisms of warp formation can
be active in any one galaxy. However, direct observational
evidence of ongoing gas accretion is hard to obtain in the
MW.
Using data from Gaia-DR2 (Gaia Collaboration et al.
2018) and from the Wide-field Infrared Survey Explorer
(WISE) catalogue of periodic variables (Chen et al. 2018),
Chen et al. (2019) compiled a sample of classical Cepheids,
finding that the Galactic warp is also traced by these
stars. Of all the warp tracers they considered (including
dust, pulsars, and red clump stars), they found that the
Hi gas and Cepheids have the most similar distributions.
They showed that the disparity between the Hi and other
warp tracers is significant in both phase and amplitude,
while the Cepheids appear to mirror the Hi warp, im-
plying that they formed in-situ in the warp. Evidence of
star formation in the outskirts of galactic discs has also
been inferred in external galaxies via UV-bright stellar
complexes (Thilker et al. 2005; Zaritsky & Christlein 2007;
Herbert-Fort et al. 2010; Mondal et al. 2019). These stel-
lar complexes are observed far outside the optical discs,
which are usually warped, and in one case (Thilker et al.
2005) they were directly associated with the warped Hi
disc. In NGC 4565, Radburn-Smith et al. (2014) used Hub-
ble Space Telescope resolved stellar populations to show that
the Hi warp is indeed traced by young (age < 600 Myr)
populations, while older (> 1 Gyr) populations are sym-
metrically distributed around the mid-plane. The results of
Radburn-Smith et al. (2014) and of Chen et al. (2019) in
the MW support the view that some star formation occurs
in warps, and that older stars do not trace the gas warp.
These results therefore suggest that the presence of young
stars in the warp is not due to bending waves, which would
produce a similar warp signature in all stellar populations.
Understanding where stars that formed in the warp end up
can shed light on the formation and evolution of the warp,
and consequently on the evolution of the MW as a whole.
Roškar et al. (2010) presented a fully cosmological sim-
ulation of a Milky Way-like galaxy in which its hot gaseous
corona has angular momentum misaligned with that of
the disc. The gas cools and sinks toward the stellar disc,
forming a warp. Stars formed in this warp settle into the
disc and populate the geometric thick disc (see Fig. 13
in Roškar et al. 2010). In this paper, we use a warped N-
body+SPH (Smooth Particle Hydrodynamics) simulation to
investigate, in further detail, the settling of stars formed in
the gas accreting along a warp. The paper is organised as
follows: in Section 2 we describe the warped simulation, the
pre-processing of the simulation snapshots, and how stars
formed in the warp (hereafter, ‘warp stars’) are defined in
the simulation. In Section 3 we analyse different warp pop-
ulations separated by their time of formation and track the
changes of their angular momenta throughout the simula-
tion’s evolution. In Section 4 we turn our attention to the
resulting density distribution of warp stars in the disc. In
Section 5 we present our conclusions, before ending with a
summary of our results.
2 SIMULATION
2.1 Fiducial simulation
The warped simulation is produced via the method of
Debattista et al. (2015b), which constructs triaxial dark
matter models with gas angular momentum misaligned
with the principal axes of the halo. The resulting mis-
alignment mirrors that found in cosmological simulations
(van den Bosch et al. 2002; Roškar et al. 2010; Gómez et al.
2017; Earp et al. 2019). As shown by Aumer & White
(2013), inserting a rotating gas corona into a non-spherical
dark matter halo leads to a substantial loss of gas angular
momentum. To produce a non-spherical system, we use adia-
batic gas in merging haloes. We merge two identical spherical
NavarroâĂŞFrenkâĂŞWhite (NFW) (Navarro et al. 1996)
dark matter haloes, each with a co-spatial gas corona com-
prising 10 per cent of the total mass.
Each dark matter halo has a mass M200 = 8.7× 1011 M
and virial radius r200 = 196 kpc. The gas is in pressure equi-
librium within the global potential. Gas velocities are ini-
tialised to give a spin parameter of λ = 0.16 (Bullock et al.
2001), with specific angular momentum j ∝ R, where R is
the cylindrical radius. Both the dark matter halo and the
gas corona are comprised of 106 particles. Gas particles ini-
tially have masses 1.4×105 M and softening ε = 20pc, while
dark matter particles come in two mass flavours (106 M
and 3.6 × 106 M inside and outside 200 kpc, respectively)
and ε = 100 pc. The two halos are placed 500 kpc apart and
approach each other head-on at 100 km s−1. If the direction
of the separation vector (and the relative velocity) is the x-
axis, we tilt one of the halos about the y-axis so that the
final system will be prolate with long axis along the x-axis
and a gas angular momentum tilted with respect to the axes
of the halo.
This simulation is evolved with the smooth particle
hydrodynamics code gasoline (Wadsley et al. 2004), with
a base time-step δt = 10 Myr which, for individual parti-
cles, is refined such that each particle satisfies the condition
δt = δt/2n < η
√
ε/ag, where ag is the acceleration at the
particle’s current position, with η = 0.175, and the opening
angle of the tree code calculation set to θ = 0.7.
At the end of this setup, the dark matter halo has
r200 = 238 kpc and M200 = 1.6 × 1012 M, while the gas has
λ = 0.11. At this point we turn on gas cooling, star forma-
tion and stellar feedback using the blastwave prescriptions of
Stinson et al. (2006). Gas particles form stars with efficiency
0.1 if a gas particle has number density n > 1 cm−3, temper-
ature T < 15, 000 K and is part of a converging flow. We re-


































Warp star settling 3
Figure 1. Rotation curve of the simulation at 12 Gyr. Solid lines
represent the contribution of each galactic component (annotated
above each curve) along with a total rotation curve, while the
rotation curve of the interpolated total potential is represented
by the dashed red line.
and, in our fiducial simulation, this threshold is relatively
low, which increases the total star formation in the warp,
providing us with a statistically significant number of warp
stars to follow as they settle into the disc. Conversely the
amount of star formation in the warp is higher than would
be expected in real galaxies, including the Milky Way.
Star particles form with an initial mass of 1/3 that of
the initial gas particle masses, which at our resolution corre-
sponds to 4.6× 104 M. The star particles all have ε = 20 pc.
Once the mass of a gas particle drops below 1/5 of its initial
mass, the remaining mass is distributed amongst the nearest
neighbouring gas particles, leading to a decreasing number
of gas particles. Each star particle represents an entire stellar
population with a MillerâĂŞScalo (Miller & Scalo 1979) ini-
tial mass function. The evolution of star particles includes
asymptotic giant branch stellar winds and feedback from
Type II and Type Ia supernovae, with their energy injected
into the interstellar medium (ISM). Each supernova releases
1050 erg into the ISM. The time-step of gas particles also
satisfies the condition δtgas = hηcourant/[(1 + α)c + βµmax],
where h is the SPH smoothing length, ηcourant = 0.4, α = 1
is the shear coefficient, β = 2 is the viscosity coefficient
and µmax is described in Wadsley et al. (2004). The SPH
kernel uses the 32 nearest neighbours. Gas cooling takes
into account the gas metallicity using the prescriptions of
Shen et al. (2010); in order to prevent the cooling from drop-
ping below our resolution, we set a pressure floor on gas
particles of p f loor = 3Gε2ρ2, where G is NewtonâĂŹs grav-
itational constant, and ρ is the gas particleâĂŹs density
(Agertz et al. 2009).
In the following, we refer to t = 0 as the time gas cooling
and star formation are switched on. Fig. 1 shows the rota-
tion curve of the simulation at t = 12 Gyr (last timestep). We
interpolate the potential of the simulation with the agama
software library (Vasiliev 2019), using a single multipole ap-
proximation for the stellar, gas, and dark matter particles
combined. The rotation curve of the interpolated potential
is presented in Fig. 1 as a dashed red line. As in the MW,
we observe a relatively flat rotation curve.
2.2 Supplemental simulation
To demonstrate that the low star formation threshold and,
therefore, increased star formation in the warp, do not affect
the main conclusions of this work, we perform the same anal-
ysis on a second, supplemental simulation. The supplemental
simulation has the same initial conditions as the fiducial sim-
ulation, however, it uses sub-grid physics prescriptions that
create less favourable conditions for star formation in low-
density regions, such as the warp. Firstly, the gas cooling
in the supplemental simulation does not take into account
the gas metallicity, meaning that gas cools less efficiently
in the warp. Secondly, more energy from the stellar feed-
back is coupled to the gas than in the fiducial simulation,
with supernovae releasing 4 × 1050erg into the interstellar
medium. Lastly, the star formation threshold in the sup-
plemental simulation is higher by two orders of magnitude
than in the fiducial simulation with gas particles only form-
ing stars when their number density exceeds 100 cm−3. We
present the results of the supplemental simulation analysis
in Appendix A.
2.3 Pre-processing the simulation
The snapshots of the fiducial and supplemental simulations
are processed through our custom Python library suite that
centres the galactic disc and then rotates it into the (x, y)
plane based on the angular momentum of the inner stellar
disc. The inner stellar disc is defined by a radial upper limit
of r ≤ 5 kpc. We compute the angular momentum of the mis-
aligned cold gas (Tgas < 50, 000K) at the outer edge of the
galactic disc (15 ≤ R/ kpc ≤ 20) to determine the orientation
of the gas warp. Each snapshot is rotated by the cylindri-
cal angle of the warp’s angular momentum, ϕL , so that the
warp’s major axis is on the x-axis and, consequently, the line
of nodes is on the y-axis. The disc is finally rotated by 180◦
about the y-axis, resulting in a negative angular momentum,
which matches the sense of rotation and warp orientation of
the Milky Way (Chen et al. 2019). As a result of these rota-
tions, the south side of the gas warp (below the mid-plane)
is along the positive x-axis. This orientation is implied in
any plots throughout this paper.
The extent of the simulation’s gas warp is shown in
the top row of Fig. 2 where we present the edge-on column
density of cold gas at 2 Gyr (left) and 12 Gyr (right). In the
span of 10 Gyr the warp grows significantly in radial extent,
and becomes more inclined relative to the disc. To quan-
tify the inclination and orientation of the warp, for each
component (stars and cold gas), we measure the spherical
angles θL (polar) and φL (azimuthal) between their angular
momenta, measured within spherical annuli, and the inner
stellar disc. As the angular momentum vector of the stellar
disc has been realigned along the z-axis for all times, θL and
φL are simply:
φL = arctan(Ly/Lx), (1)
and


































4 Khachaturyants et al.
Figure 2. The structure of the gas warp at 2 Gyr (left column)
and 12 Gyr (right column). Top row: The edge-on column density
distribution of cold gas (T≤ 50, 000 K) in the simulation. In the
span of 10 Gyr, the gas warp can be traced to larger R (from R ∼
13 kpc to R ∼ 20 kpc) and |z | (from |z | ∼ 5 kpc up to |z | ∼ 20 kpc).
Middle row: the face-on mean height, 〈z 〉, distribution of cold gas
(T≤ 50, 000 K) in the simulation. Bottom row: The Briggs figures
for the cold gas (red) and stellar (black) discs. There are two
distinct markers that show values at R = 10 kpc (triangle marker)
and at R = 20 kpc (square marker). The Briggs figures show that
the gas disc becomes significantly more warped between the two
times, while the stellar disc is initially slightly warped (θL ∼ 2◦
at R = 10 kpc) and becomes even less so by the end (θL ∼ 0.3◦ at
R = 10 kpc).
where Lx , Ly , Lz , and |L | are the three Cartesian components
and magnitude of the angular momentum, respectively. In
the bottom row of Fig. 2 we present Briggs figures (Briggs
1990) for the stellar (black) and cold gas (red) discs at 2 Gyr
(left) and 12 Gyr (right), where the triangle (square) marker
represents R = 10 kpc (R = 20 kpc). Briggs figures are cylin-
drical polar plots where θL and φL are represented by the
polar r and φ coordinates, respectively. The θL and φL an-
gles are calculated for the mean angular momentum vector
in each bin of a cylindrical grid with 0 ≤ R/ kpc ≤ 20 kpc
and ∆R = 1 kpc. The cold gas warp grows significantly over
the 10 Gyr interval, while the stellar warp decreases in ex-
tent, and then flattens over the same time interval. In Fig. 3
we show the profiles of the surface density, Σ, (top) and
of θL, gas (bottom) for the cold gas disc at different times
(colour), where R′ is defined as the cylindrical radius in the
cold gas plane at each annulus. Over the model’s evolution,
Figure 3. Profiles of the surface density, Σ, (top) and θL, gas (bot-
tom) in the cold gas at different times (colour), where R′ is defined
as the cylindrical radius in the cold gas plane at each annulus.
The gas warp grows horizontally and becomes more inclined with
time.
the inclination of the cold gas warp beyond 10 kpc increases
by a factor ∼ 4, reaching θL ∼ 40◦. The warp also grows in
mass and size as the Σ profile increases beyond 15 kpc and
reaches R′ ∼ 25 kpc by the end of the simulation.
2.4 Defining warp stars
We record the phase-space coordinates and time at forma-
tion, tform, for every star in the simulation. The phase-space
coordinates need to be centred and reoriented relative to
the disc at their respective tform. Using our Python library
suite, we create an interpolating function that takes into ac-
count the centre of mass and angular momentum vector of
the galactic disc at each 100 Myr saved snapshot. We calcu-
late the location of the centre of mass and orientation of the
galactic disc for each star by interpolating to their individual
tform. This procedure gives the formation location in galaxy-
centred coordinates and the inclination of the star’s angu-
lar momentum at formation relative to that of the galactic
disc (θform). For all stars, we extract the cylindrical galacto-
centric formation radius, Rform, and the angular momentum





where Lz,form and |Lform | are the vertical component and
magnitude of a star’s angular momentum at formation, re-
spectively. Throughout this work we define multiple differ-


































Warp star settling 5
Figure 4. The distribution of stars in the Rform-θform space (for-
mation space), coloured by the mean time of formation (top) and
by the mean absolute formation height, 〈 |zform | 〉, (bottom). Bins
that contain less than 10 stellar particles are not shown. The
black lines show the number counts in the formation space for
both panels. We define stars formed in the warp as those with
θform ≥ 10◦ and Rform ≥ 10 kpc, the ”tail-like” region outlined by
the red square. A population of stars that was formed in an early,
transient warp at low radii (Rform ≤ 7 kpc) and high inclinations
relative to the disc (θform ≥ 10◦) is not included in our warp star
population.
Angle Definition
φL The azimuth of the stellar angular momentum relative to the disc (Eq. 1)
θL The inclination of the stellar angular momentum relative to the disc (Eq. 2)
θform The θL at formation (Eq. 3)
θend The θL at the last timestep (Eq. 4)
θL The average θL of stars in a mono-age population (Eq. 5)
θL The θL of a mono-age population’s L (Eq. 6)
Table 1. The angles defined and used throughout this work.
these angles and their respective equations are presented in
Table 1.
To identify warp stars, we plot the distribution of all
stars in θform-Rform space (hereafter formation space). In
Fig. 4 we present the distribution of the mean time of forma-
tion, 〈tform〉, (top) and the mean absolute height of forma-
tion, 〈|zform |〉, (bottom) in the formation space. The ”tail-
like” region at Rform > 10 kpc (outlined by a red square)
is comprised of stars that formed at relatively high |zform |,
which increases with tform. These stars are formed through-
out the model’s evolution starting from 2 Gyr and lasting
till the end of the simulation, at 12 Gyr. This population
is highly inclined (θform > 10◦) and is formed on the out-
skirts of the disc; thus we define the primary warp popula-
tion as stars with Rform ≥ 10 kpc and θform ≥ 10◦. There are
∼ 6 × 105 warp stars in the simulation and they comprise
18% of all stars. The other significant populations that we
observe are the in-situ main disc population (Rform ≤ 10 kpc
and θform ≤ 10◦), and a ”hump-like” region containing an
old warp population (2 ≤ Rform/ kpc ≤ 5 and θform ≥ 15◦).
This early warp population derives from a short-lived warp
epoch when the model is still settling, and we therefore do
not include it in our analysis of the warp. Neglecting this
population does not change any of the following results.
3 DYNAMICAL EVOLUTION OF WARP
POPULATIONS
We study how warp stars settle into the disc by considering
mono-age populations. Our goal is to unravel the mecha-
nisms by which they settle and reach equilibrium within the
main disc, the timescale for settling, and the (evolving) den-
sity distribution they settle to.
3.1 Overall evolution
Fig. 5 presents the mass distribution in Briggs figures for 4
representative mono-age warp populations (columns) at var-
ious times after their formation, denoted by δt. The Briggs
figures provide a clear picture of how warp stars start out
heavily inclined relative to the disc (outer regions in the dia-
grams) and end up phase-mixing into a homogeneous distri-
bution. All populations form along the gas warp, indicated
by the solid red lines in the first row. The gas warp traces
a leading spiral shape (the sense of disc rotation in these
figures is clockwise), which is one of the characteristics of
gas warps (Briggs 1990)1. Warp stars formed at different
times have different ranges of θL , with the earlier-forming
population (tform = 3 Gyr) centred on θL = 20◦ and the later
(tform = 9 Gyr) centred on θL = 35◦. The phase mixing of
warp stars in φL is already visible 300 Myr after formation
for all 4 mono-age populations, as the spiral structure winds
up. This winding represents the differential precession of dif-
ferent annuli of the chosen warp population. The higher the
initial radius of formation, Rform, of the stars, the slower is
the precession of the population, and the longer is the time
required for the LON spiral to wind up. For instance, after
δt = 1.5 Gyr, the warp population formed at t ' 3 Gyr is well
on its way to being uniform in φL , whereas the warp popu-
lations forming at t ' 9 Gyr are considerably less wound up.
By the end of the simulation, the later-forming populations
have still not fully phase-mixed in φL , as evident by the
horseshoe distribution for the population formed at ∼ 9 Gyr.
The phase mixing indicates that the warp populations settle
into nearly-axisymmetric discs or tori – see Sec. 3.3. They
1 We remind the reader that this is a spiral in the orientation
of the angular momentum vector of different shells. In coordinate
space this represents a winding of the intersection of each annulus
with the main plane of the galaxy, i.e. the spiral can be thought
of as the radial locus of the line-of-nodes (LON). For this reason,


































6 Khachaturyants et al.
Figure 5. Mass distribution in Briggs figures for 4 mono-age warp populations. (Briggs figures plot the spherical polar orientation angles
of the angular momentum vector, θL and φL , as the cylindrical polar r and φ coordinates, respectively.) The populations are formed
over 50 Myr intervals (indicated at the top of each column) and we follow them at different later times, δt (rows). The bottom row shows
the populations at the end of the simulation, at t = 12 Gyr. At δt = 0 Myr (first row), the red line represents the Briggs figure of the gas
warp at the formation of each population. Some stars appear to start out with θL < 10◦, but this is due to them drifting already during
the first 50 Myr. In the two left columns, the initial m = 1 LON spiral distributions phase mix into uniform distributions by the end of


































Warp star settling 7
remain relatively thick, as can be seen by the large θL val-
ues of most of the stars, corresponding to stars which avoid
having an angular momentum directed along the z-axis.
A weaker evolution that can be discerned from the
Briggs figures is a rapid early decline in the values of θL .
This is easiest to see directly for the population formed at
3 Gyr, but is present to different extents in all 4 populations.
This process represents a tilting of each warp population.
Lastly, the Briggs figures show that there is a tendency for
some stars to move to larger θL ; we quantify this in Sec. 3.2
by analysing the difference between the θL at formation and
at the last timestep. In Sec. 3.4 we demonstrate that the
increase in θL is caused by stars migrating to smaller radii,
while preserving their vertical motions so that the net or-
bital plane of each star becomes more tilted. In the follow-
ing subsections we study in greater detail the tilting of warp
populations, their phase mixing and finally their radial mi-
gration.
3.2 Orbital tilting
Fig. 5 suggested that warp populations reach lower θL as
they realign with the galactic disc, which henceforth we will
refer to as tilting. We now study the tilting of mono-age
warp populations in more detail. We start by showing that
tilting is indeed taking place by comparing the θform of all
warp stars versus their θL at the end of the simulation, θend,





where Lz,end and |Lend | are the vertical component and mag-
nitude of a star’s angular momentum at the end of the sim-
ulation (t = 12 Gyr), respectively. Fig. 6 presents the distri-
bution of warp stars in the (θend, θform) space. The diagonal
lines in both panels indicate θform = θend. Overall, warp stars
experience some degree of tilting. A majority of warp stars
(∼ 73%) are located above the θform = θend line, indicative
of an increasing alignment with the disc, and experience,
on average, a shift of 〈θend − θform〉 ' −5.2◦. The remaining
warp stars become more misaligned with the disc and ex-
perience, on average, a shift of 〈θend − θform〉 ' +2.7◦. The
right panel of Fig. 6 shows the distribution of average time
of formation, 〈tform〉 in the (θend, θform) space. All warp stars,
regardless of tform, undergo some tilting, with the median tilt
being med(θend − θform) = −3.5◦.
The top panel of Fig. 7 presents the evolution of the
population-averaged θL , θL , for all mono-age warp pop-
ulations formed during 2 ≤ tform/ Gyr ≤ 10, in bins of







where θLi is the angular momentum inclination of a star
in the population. All warp populations experience a rapid
drop in θL by δt ∼ 1 Gyr, followed by a smaller and gen-
tler rise. The decrease in θL varies from ∼ 5◦ for the old-
est population to about half that for younger populations.
The bottom panel shows the rate of change of θL ,
Û
θL , for
the same populations. The horizontal dotted line represents
Û
θL = 0◦ Gyr−1. We observe that
Û
θL starts out negative for all
populations and quickly plateaus at a nearly constant value
of ÛθL ∼ 0.5◦ Gyr−1. The initial negative tilt rate is due to the
bulk tilting warp populations experience as they settle into
the disc. This is produced by the torquing from the main
disc and persists so long as the warp populations remain
more or less coherent before differential precession destroys
a relatively coherent plane for each population. The Briggs
figures of Fig. 5 show that, for a wide range of tform, by
δt = 300 Myr the warp populations have precessed differen-
tially enough that the innermost populations are then tilted
in the opposite sense as the outermost ones (δφ ∼ 180◦). At
this point the global tilting of a population becomes less effi-
cient and their evolution is dominated by precession, which
we study in Section 3.3.
Fig. 8 shows the evolution and rate of change of the
population-averaged |z |, |z |, for the same mono-age popu-
lations. The evolution of |z | is shown in the top panel; all
of the warp populations plateau after just 1 Gyr. The rate
of change of |z |, Û|z |, shown in the bottom panel, starts out
mostly negative and quickly drops to 0 kpc Gyr−1 in less than
1 Gyr, a timescale similar to that in the first part of the ÛθL
evolution. As with the evolution of θL , we note a correlation
between the age of the population and |z |, with younger pop-
ulations being formed further away from the mid-plane, and
therefore settling to a thicker distribution. While |z | declines
by <∼ 1 kpc during the tilting interval, Fig. 8 also shows that
the thickness does not change much after tilting ends.
Given the similarity in the evolution of ÛθL and
Û|z |, we
measure a timescale for the bulk tilting of warp populations.
In order to measure the tilting times, τtilt, for both θL and
|z | we set as a criterion the first time the rate of change
reaches values of ÛθL ≥ 0◦ Gyr−1 and
Û|z | ≥ 0 kpc Gyr−1, re-
spectively. We find that ∼ 50% of mono-age warp popula-
tions experience bulk tilting by δt = 1 Gyr using either the
Û
θL or the
Û|z | criterion. In both cases the longest tilting time
is τtilt ∼ 1.8 Gyr.
3.3 Phase mixing
The Briggs figures of mono-age warp populations in Fig. 5
show that their LON spirals wind up. This winding repre-
sents a phase-mixing so that eventually no trace of a warp
remains and a warp population becomes axisymmetric. In
this Section we study the phase mixing using three separate
observables: the m = 1 Fourier amplitude, the total angular
momentum, and the entropy of each mono-age population.
3.3.1 Winding of the LON spiral
The distributions of angular momenta at formation for each
mono-age warp population traces an m = 1 spiral in Fig. 5.
By measuring the evolution of the amplitude of the Fourier
m = 1, A1, in the angular momentum space in the Briggs
figures we can follow the phase-mixing of each population.
In the top panel of Fig. 9 we plot the evolution of A1 for
all mono-age warp populations. The peak A1 for each warp
population is at formation, and rapidly declines during the
first 1 Gyr. The decline in most warp populations is not
monotonic, with the oldest warp populations having mul-
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Figure 6. Distribution of θform versus θL at the end of the simulation, θend, for individual warp stars formed before 10 Gyr coloured by
the number (left) and the mean time of formation (right). The diagonal dashed line indicates θform = θend and it shows that ∼ 27% of
warp stars experience an increase in their tilt, while most warp stars tilt to align with the galactic disc.
Figure 7. Top: evolution of the population-averaged θL , θL , of
all mono-age warp populations formed in the simulation before
tform ≤ 10 Gyr, where δt is the time since a population’s forma-
tion. Each curve is coloured by tform. A 1D Gaussian filter with a
mask size of w = 0.5 Gyr and standard deviation of σ = 0.1 Gyr is
applied to the evolution at each δt. Bottom: evolution of the rate
of change of θL ,
Û
θL , for the same mono-age warp populations. The
rates of change are calculated from the smoothed evolution curves.
The solid black line represents the median rate of change between
all mono-age populations which has a tilting time of τtilt ∼ 0.9 Gyr.
The dotted horizontal line indicates ÛθL = 0◦ Gyr−1.
after which the decrease is smoother. For younger popula-
tions A1 declines more smoothly, though still not monoton-
ically. However populations with tform ≥ 9.5 Gyr exhibit a
similar second peak as in the older populations. The bottom
panel shows the rate of change of A1, ÛA1, for the same popu-
lations, with ÛA1 = 0 Gyr−1 indicated by a dashed horizontal
line. For all mono-age populations a significant oscillation in
ÛA1 is observed. The median curves of A1 and ÛA1 across all
mono-age populations are shown as solid black lines in the
top and bottom panels of Fig. 9, respectively.
Fitting an exponential decay to A1 as a function of time
leads to exponential times 0.9 < τ/ Gyr < 2.3. The phase-
mixing timescales, τpm, can be estimated by taking the me-
dian of the time derivatives between all mono-age popula-
tions and measuring when it reaches 0 Gyr−1. In the bottom
panel of Fig. 9, the median of the time derivative reaches
the zero-line around τpm ∼ 6 Gyr, a timescale that is longer
than the tilting times computed in Section 3.2.
3.3.2 Phase mixing from the average angular momentum
vector
The uniform distribution of φL in the Briggs figures (Fig. 5)
of settled populations implies that if the angular momentum
of each warp population were vector-averaged over all stars
then the resulting mean angular momentum would be along
the z axis, with inclination θ = 0◦. To estimate the phase-
mixing timescale differently, we analyse the inclination of
the average angular momentum vector, θL , which we define







where Lz,i and Li are the vertical angular momentum and
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Figure 8. Top: evolution of the population-averaged absolute z,
|z | of different mono-age warp populations before tform ≤ 10 Gyr,
where δt is time since a population’s formation. Each curve
is coloured by tform. A 1D Gaussian filter with a mask size of
w = 0.5 Gyr and standard deviation of σ = 0.1 Gyr is applied to
the evolution at each δt. For each population the value of |z |
starts to flatten after δt ∼ 1 Gyr, reaching a stable configura-
tion. The value of |z | for each population increases with tform as
older populations form at higher |z |, similar to how older pop-
ulations form at higher θform (Fig. 4). Bottom: evolution of the
|z | rate of change, Û|z |, for the same mono-age warp populations.
The rates of change are calculated from the smoothed evolution
curves. A rapid decrease in
Û|z | happens during the first 1 Gyr and
then settles about
Û|z | = 0 kpc Gyr−1 (dashed horizontal line). The
solid black line represents the median rate of change between all
mono-age populations; this has a tilting time of τtilt ∼ 1 Gyr.
lation, respectively. In the top panel of Fig. 10 we present
the evolution of the inclination of the average angular mo-
mentum, θ
L
, for mono-age populations. The evolution of θ
L
shows that warp populations with tform ≥ 6 Gyr do not reach
∼ 0◦, indicating that they are still phase-mixing, in agree-
ment with Fig. 5. Older populations with tform < 6 Gyr settle
to θ
L
= 0◦ on different timescales, with the oldest popula-
tion presenting multiple peaks, as in Fig. 9. In the bottom
panel, the evolution of the rate of change, Ûθ
L
, shows that
the phase-mixing process is much more rapid for the older
populations but then θ
L
rises again at ∼ 2 Gyr and then os-
cillates about Ûθ
L
= 0◦ Gyr−1. Younger populations show a
slower and smoother increase towards Ûθ
L
= 0◦ Gyr−1 in their





all mono-age populations are shown as solid black lines.
Based on the θ
L
evolution we estimate the phase-mixing
time, τpm, using the time when the median of the time
derivatives reaches 0◦ Gyr−1. In the bottom panel of Fig. 10
this occurs at around τpm ∼ 6 Gyr. This timescale is again
longer than the tilting times computed in Section 3.2.
Figure 9. Top: Evolution of the A1 amplitude for all mono-age
warp populations formed in the simulation before tform ≤ 10 Gyr,
where δt is the times since a population’s formation. Each curve
is coloured by tform. A 1D Gaussian filter with a mask size of
w = 0.5 Gyr and standard deviation of σ = 0.1 Gyr is applied to the
evolution at each δt. The black solid line is the median value of A1
between all mono-age populations. Bottom: evolution of the rate
of change of A1, ÛA1, for the same mono-age warp populations. The
rates of change are calculated from the smoothed evolution curves.
The solid black line represents the median rate of change between
all mono-age populations. The dotted horizontal line indicates
ÛA1 = 0 Gyr−1.
3.3.3 Entropy-based phase-mixing timescale
Lastly, we also characterise the phase mixing process using




f (φL) ln f (φL) dφL, (7)
where f (φL) is the probability density function. This func-
tional form is chosen primarily because of its desirable math-
ematical properties, including that it can be estimated as





where the sum runs over the warp stars of a given population
and f̂i is the estimate of f (φL) for each star particle. Eq. 8
converges to Eq. 7 if f̂i is calculated with specific recipes
(see Beraldo e Silva et al. 2019a,b, and references therein).
Here we adopt the Nearest Neighbour method, where, in one





where γ ' 0.577 is the Euler-Mascheroni constant and
Din is the distance of particle i to its nearest neighbour
(see Biau & Devroye 2015; Beraldo e Silva et al. 2019a,b,
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Figure 10. Top: evolution of the population-averaged angular
momentum inclination, θL , for all mono-age warp populations
formed in the simulation before tform ≤ 10 Gyr, where δt is the time
since a population’s formation. Each curve is coloured by tform. A
1D Gaussian filter with a mask size of w = 0.5 Gyr and standard
deviation of σ = 0.1 Gyr is applied to the evolution at each δt. The
black solid line is the median value of θL between all mono-age
populations. Bottom: evolution of the rate of change of θL ,
ÛθL ,
for the same mono-age warp populations. The rates of change are
calculated from the smoothed evolution curves. The solid black
line represents the median rate of change between all mono-age
populations. The dotted horizontal line indicates ÛθL = 0
◦ Gyr−1.
fully-mixed population the phase-mixed distribution is
fpm = 1/(2π), and from Eq. 7, the phase-mixed entropy is
Spm = ln(2π).
We use Eqs. 8-9 to estimate the entropy of the same
mono-age warp populations defined before at different times.
The entropy evolution, normalised by the phase-mixed value
Spm, is shown in the top panel of Fig. 11, colour-coded by
the formation times. The fluctuations around Ŝ(t)/Spm = 1
for long times provide a sense of the uncertainty level on
the entropy estimate. All mono-age warp populations show
a rapid increase in entropy, on a time-scale of δt ∼ 1 Gyr,
after which the system asymptotically evolves to the phase-
mixed state, on a longer time-scale. Populations born after
tform & 6 Gyr do not have time to completely phase-mix,
in good agreement with the Briggs figures in Fig. 5. Young
populations are born with smaller entropies, which is a result
of the larger radius at which they are forming, resulting in a
narrower range of φL values. The median curves for Ŝ/Spm
and Û̂S/Spm across all mono-age populations are shown as
solid black lines in the top and bottom panels of Fig. 11,
respectively.
We estimate the phase-mixing timescale using the time
when the median of the time derivatives reaches 0 Gyr−1.
Though the median of the time derivatives fluctuates as it
approaches the zero-line (see bottom inset), we estimate that
τpm ∼ 5−6 Gyr. This phase-mixing timescale is in agreement
Figure 11. Top: evolution of the entropy estimate, Ŝ(t), nor-
malised by Spm for all mono-age warp populations formed in the
simulation before tform ≤ 10 Gyr, where δt is the time since a
population’s formation. Each curve is coloured by tform. A 1D
Gaussian filter with a mask size of w = 0.5 Gyr and standard de-
viation of σ = 0.1 Gyr is applied to each population. The black
solid line is the median value of Ŝ(t) between all mono-age pop-
ulations. The dotted horizontal line indicates Ŝ(t)/Spm = 1. The
inset shows an expanded version of the region indicated by the
rectangle at top left. Bottom: evolution of the rate of change of
Ŝ(t), Û̂S(t), normalised by Spm for the same mono-age warp pop-
ulations. The rates of change are calculated from the smoothed
evolution curves. The black solid line is the median rate of change
between all mono-age populations. The dotted horizontal line in-
dicates Û̂S(t) = 0. The inset shows an expanded version of the region
around the zero-line.
with the results from Sections 3.3.1 & 3.3.2, reaffirming that
phase-mixing continues long after the tilting has concluded.
3.4 Inward migration of warp populations
In our definition, a warp population must have formed at
r > 10 kpc. Fig. 7 showed that, at δt & 2 Gyr, ÛθL ∼ 0.5◦ for
many warp populations. A naive interpretation of this result
is that the warp populations continue to heat vertically after
they settle. Aside from the fact that thick populations do not
heat vertically efficiently since they spend most of their time
away from the thin disc, where most of the perturbers that
can heat them reside, Fig. 8 contradicts this interpretation,
because it shows that |z | is not increasing at the same time.
A different interpretation is therefore needed. Here we show
that warp populations migrate inwards; with |z | constant,
the inward migration must result in an increasing θL and a
positive ÛθL .
Fig. 12 considers the evolution and rate of change of the
population-averaged vertical angular momentum, Lz . The
evolution of Lz (top panel) shows an increase in the first
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Figure 12. Top: evolution of the population-averaged vertical
angular momentum, Lz , for different mono-age warp populations
in the simulation, where δt is the time since a population’s for-
mation. Each curve is coloured by tform. A 1D Gaussian filter with
a mask size of w = 0.5 Gyr and standard deviation of σ = 0.1 Gyr
is applied to the evolution at each δt. Most of the change in the
vertical angular momentum happens during the first 1 Gyr after
which they decline slowly or remain flat. Bottom: evolution of the
Lz rate of change,
Û
Lz , for the same mono-age warp populations.
The rates of change are calculated from the smoothed evolution
curves. The solid black line represents the median rate of change
between all mono-age populations. We observe that Lz is con-
tinuously decreasing as the rate of change remains mostly below
Û
Lz = 0 kpc km s−1 Gyr−1 (dashed horizontal line).
populations show a decrease. These changes subsequently
slow down significantly as all populations plateau with only
a weak negative gradient. The rate of change, ÛLz , (bottom
panel) shows that after δt ∼ 1 Gyr all populations have a
negative ÛLz , though there is an initial spike for populations
with tform ≥ 4.5 Gyr. The solid black line indicates the me-
dian over all rates of change. The vertical angular momen-
tum correlates with tform of the warp populations, because of
the growing radius of the warp. The initial spike in younger
populations is related to the growing warp as younger popu-
lations have larger θform and due to the projection of Lz , even
small tilts translate to larger changes in Lz . Older popula-
tions form in a younger, shallower warp and do not experi-
ence the same initial spike. In spite of this difference, all warp
populations have comparable values of ÛLz for δt > 1 Gyr. The
net decrease in vertical angular momentum of warp popula-
tions well after they formed represents either a radial heating
of each population, or an inward migration.
We, therefore, analyse how the radial positions of warp
stars change with time. We use the spherical radius rather
than the cylindrical one since the disc is warped. Fig. 13
presents the evolution of the population-averaged spherical
radius, r, for the mono-age warp populations. The top panel
shows the evolution of r, which clearly decreases at all times
Figure 13. Top: evolution of the population-averaged spherical
radius, r , of different mono-age warp populations, where δt is the
time since a population’s formation. Each curve is coloured by
tform. A 1D Gaussian filter with a mask size of w = 0.5 Gyr and
standard deviation of σ = 0.1 Gyr is applied to the evolution at
each δt. The decrease of r is different for all populations and is
strongest for tform ∼ 3 Gyr at 15% with the weakest decrease for
tform > 6 Gyr at 5%. Bottom: evolution of the r rate of change, Ûr ,
for the same mono-age warp populations. The rates of change are
calculated from the smoothed evolution curves. The solid black
line represents the median rate of change between all mono-age
populations. A consistently negative Ûr < 0 kpc Gyr−1 is observed
(dashed horizontal line), with the exception of a few transient
positive values for the oldest population. This is indicative of
continuous inward migration for all warp populations, regardless
of their tform.
for all populations. This change implies that the decrease
of the angular momentum of warp stars is accompanied by
a net radial movement inwards and continues well after the
population tilting has ended. The decrease of r is continuous
for all populations which we confirm by plotting the rate
of change for r, Ûr, (bottom panel) which is predominantly
negative after δt = 1 Gyr. The net inward movement of warp
populations is a result of the fact that, by definition, they
form only at large radii (≥ 10 kpc).
In Fig. 14 we consider the relation between the for-
mation radius, rform, and the final radial position, rend, for
all warp stars. The left panel shows that 66% of warp
stars move inwards. This movement inwards happens re-
gardless of tform (right panel), with older populations ex-
periencing the strongest inward movement (extending to
rform − rend ∼ 15 kpc). This could indicate migration by spi-
ral churning where the migration is characterised by a ran-
dom walk (Sellwood & Binney 2002). A radial gradient of
decreasing age is established in the inner disc, with warp
stars at the smallest radius being the oldest ones. This is the
mirror image of the usual outwardly increasing age gradient
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Figure 14. Distribution of spherical formation radius, rform, versus the spherical radius at the end of the simulation, rend, for warp stars
coloured by the number (left) and by the mean time of formation, tform (right). The diagonal solid line indicates rform = rend. Stars that
are below the rform = rend line comprise 1/3 of the total warp star sample. The vertical dotted line indicates the location of the Solar
annulus. Warp stars born after tform & 6 Gyr do not have enough time to migrate into the Solar annulus.
Figure 15. Eccentricities of warp stars versus tform. The lines
indicate the median (red solid), mean (red dashed), and the 16th
and 84th percentiles (black annotated) of the eccentricity for each
tform bin. The younger warp stars having slightly more circular
orbits. In general most orbits are fairly close to circular.
wards (Roškar et al. 2008; Beraldo e Silva et al. 2020). We
note that the oldest populations also move outwards, which
also hints at migration via spiral churning.
Finally, we explore the orbital parameters of warp stars.
We integrate the orbits of settled warp stars in the inter-
polated potential derived using AGAMA (see Section 2.3).
The initial conditions of the warp stars are set to their 6D
coordinates at the end of the simulation at 12 Gyr. Because
the youngest warp stars may not have had enough time to
tilt into the disc, we limit our analysis to warp stars with
tform ≤ 10 Gyr. After integrating each warp star for 10 orbital
periods, we use the maximum and minimum cylindrical radii





Fig. 15 presents the 2D histogram of orbital eccentricities
plotted versus tform. This distribution shows that a large
fraction of warp stars have 0.1 ≤ e ≤ 0.4. The lines indicate
the median (red solid), mean (red dashed), and the 16th and
84th percentiles (black annotated) of the eccentricity in each
tform bin; a weak decline of the mean eccentricity from 0.3
for the oldest population to 0.2 for the youngest is evident.
These nearly circular orbits indicate that the radial migra-
tion is driven by spiral churning (Sellwood & Binney 2002;
Roškar et al. 2012) rather than by heating. The decreasing
mean angular momentum amplitude is purely a result of the
unbalanced distribution of formation radii of warp stars.
4 RESULTING DISC STRUCTURE
The dynamical evolution of warp populations explored in
Section 3 showed that as soon as warp stars form they begin
rapidly tilting and then phase-mixing in the galactic disc.
These processes are accompanied by the slow but continuous
inward (and outward) migration of the warp populations.
We now explore the resulting disc structure of settled warp
populations.
Fig. 16 presents the edge-on distributions of warp and
in-situ stars at t = 12 Gyr. In the left panel, the contours
show the number density distribution of warp (red) and in-
situ (black) stars. Warp stars occupy the geometric thick disc
with visible flaring at |x | ≥ 15 kpc and a maximum vertical
extent of |z | ≤ 10 kpc. In the right column is the edge-on dis-
tribution of 〈tform〉 for all the stars formed throughout the
simulation. Starting from |z | ≥ 5 kpc, newly formed warp
stars can be observed tracing the gas warp, the major axis
of which is along the x-axis (Section 2). A negative vertical
gradient in the 〈tform〉 distribution is visible. This gradient
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Figure 16. Edge-on views of the simulation at 12 Gyr. Left column: number density contour plots of the warp (red contours) and main
disc (black contours) populations. Warp stars occupy higher |z | than stars formed in the disc and outnumber disc stars by a factor of 10
starting from at |z | ∼ 4 kpc. Right column: distribution of the mean formation time, 〈tform 〉 for all stars formed throughout the simulation.
There is a vertical gradient in 〈tform 〉 and a young warp population that traces the gas warp starting from |z | ≥ 5 kpc. See Fig. A6 in the
Appendix for different trends in the supplementary simulation which implements more realistic star formation subgrid physics.
we have tuned our simulation for by setting a low gas den-
sity threshold for star formation. To a lesser extent it also
reflects the overall growth of the warp. While the negative
age gradient in this simulation does not match the trends in
the MW’s outskirts (Laporte et al. 2020; Iorio & Belokurov
2021), where older stars are observed at higher |z |, this in-
correct vertical age gradient in the simulation only indicates
that star formation is not efficient in the warp, rather than
that the warp is not produced by gas inflows. Indeed in the
supplemental simulation, which we present in the Appendix,
the same initial conditions as our fiducial simulation result
in a vertical age gradient with the opposite age trend when
evolved with more realistic subgrid physics that form less
stars in the warp. We remind the reader that our choice of
subgrid physics for our fiducial simulation was motivated by
the need to produce enough stars to be able to study their
settling in detail.
We now analyse in detail the resulting density distri-
butions of stars formed in the warp. Aware that we are
over-producing warp stars, our motivation here is not to pre-
dict in detail the density distribution of warp stars, but to
demonstrate how they increasingly occupy a larger radial
range while largely retaining their original vertical distribu-
tion. We start by selecting the warp stars currently located
at 2 < R/ kpc < 25 and 0 < |z |/ kpc < 15. We define 30 broad
mono-age populations (bin width ∆tform = 250 Myr) in the
interval 2 < tform/ Gyr < 9.5, where the lower limit is chosen
to avoid the stars formed in the early chaotic transient warp,
and the upper limit chosen such that the youngest popula-
tion considered has had enough time to settle. For each of
these mono-age populations, we simultaneously fit the ra-
dial surface number density profile, Σ(R), and the vertical
number density profile, ξ(z |R).
The radial profile Σ(R) is modelled as a skew-normal
distribution (Azzalini 1985), which we found to be the best
functional form after comparison with different models (see
e.g. Bovy et al. 2016; Beraldo e Silva et al. 2020). In this
model, the profile is given by
Σ(R|µR, hR, α) =
1
A
φ(R|µR, hR)Φ(αR|µR, hR), (11)
where φ(x |µ, h) is the normal (Gaussian) distribution with
location µ and scale h, Φ(x) is its cumulative distribution
function and A is determined by the normalisation condition∫ Rmax
Rmin
Σ(R)2πR dR = 1. (12)
The parameter α controls the skewness and the Gaussian
distribution is recovered for α = 0. Note that −∞ < α < ∞,
while the real skewness can be obtained from α and ranges
from -1 to 1. Note also that µR and hR are close to, but not
exactly, the position of the peak, Rpeak, and the dispersion
σR, respectively, which are also obtained by simple formulae
from the parameters α, µR and hR (see Azzalini 1985).
The vertical density profiles ξ(z |R) are modelled with
the so-called generalised normal distribution (Nadarajah
2005):






 |z | − µzhz
β] , (13)
where β controls the kurtosis (β = 2 for the Gaussian) and
B is obtained by imposing the condition∫ zmax
zmin
ξ(z |R) dz = 1. (14)
In the above expressions, all three parameters β, µz and hz
depend on R in a non-trivial way. After some experimenta-
tion we determined that each of these parameters needs to
be modelled as a third-order polynomial in radius R. The
position of the peak in |z | is directly given by zpeak = µz .
Finally, the total number density profile is written as
ν(R, z |θ) = Σ(R|θ)ξ(z |R, θ), (15)
where θ is the set of parameters. For each mono-age popu-






































ln [ν(Ri, zi |θ)] (16)
with a variant of Powell’s method, which is a conjugate
direction method (Powell 1964; Press et al. 1992). Then,
we use this first fitting result as input to MCMC-sample
the posterior distribution function with the emcee package
(Foreman-Mackey et al. 2013), assuming flat priors for all
parameters. Best fit parameters and uncertainties are esti-
mated with the median and the 16 and 84 percentiles of the
parameter samples, respectively.
For illustrative purposes, in Fig. 17 we slice some of
these populations into cylindrical shells, determining the
surface number density profile Σ(R) (left panels) and, for
each shell, the vertical number density profiles ξ(z |R) (right
panels). In Fig.17, each row represents a different mono-age
population, with the formation times indicated. The best fit
models are represented by dashed lines.
4.1 Radial density profiles
The black shaded curves in the left column of Fig. 17
show Σ(R), with Poisson uncertainties, at the final snap-
shot (t = 12 Gyr). For young populations (bottom panels),
Σ(R) peaks at Rpeak ≈ 14 kpc and is approximately symmet-
ric around this peak. Older populations (top panels) get
increasingly centrally concentrated, with Rpeak moving to
lower values and Σ(R) becoming increasingly skewed. In or-
der to confirm that this is the consequence of a continuous
evolution (as opposed to rather different initial conditions
of different mono-age populations), we also show the pro-
files of the same populations, calculated at t = 8 Gyr (blue
shaded curves). The apparent time evolution from the bot-
tom to the top panels is confirmed within each panel, with
each mono-age population (including the oldest one at the
top) becoming more centrally concentrated over the 4 Gyr
between t = 8 Gyr and t = 12 Gyr, indicating the effect of
continuous inward migration.
The best fit models (dashed lines) in the left column
of Fig. 17 show a good agreement with the empirical pro-
files. In Fig. 18, we show the best fit parameters as a func-
tion of the formation time (black shaded curves, evaluated
at t = 12 Gyr). Instead of α, µR and hR, we show the de-
rived quantities representing the skewness, the peak po-
sition, Rpeak, and the dispersion of the radial coordinate,
σR. The skewness (left panel) shows a clear trend, decreas-
ing from ≈ 0 for the youngest populations (large tform) to
∼ −1 for the oldest ones (small tform), consistent with the
strong change of slope of the inner part of Σ(R) observed in
Fig. 17. The position of the density peak is shown in the
central panel. It decreases mildly from Rpeak ≈ 14 kpc for the
youngest populations to Rpeak ≈ 12 kpc for tform ≈ 4 Gyr,
after which it strongly decreases (from right to left) to
Rpeak ≈ 4 kpc for the oldest populations. This strong de-
crease seems to be associated with the inner slope of Σ(R)
becoming close to zero for small tform (see Fig. 17), in which
case a small change in this slope can imply large changes
in the peak position. Finally, the radial dispersion (right-
hand panel) is σR ≈ 5 kpc for tform & 5 Gyr, and increases
rapidly for older populations, which is correlated with the
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Figure 17. Left: radial density profiles for different mono-age
populations (rows), with formation times indicated. Black (blue)
curves show the profiles at t = 12 Gyr (t = 8 Gyr), which are well de-
scribed by skew-normal distributions (dashed lines). Young popu-
lations (bottom) have approximately Gaussian profiles peaking at
Rpeak ≈ 15 kpc. Due to inward migration, older populations (upper
panels) are progressively negatively-skewed, peaking at smaller
radii, and all populations evolve significantly over the last 4 Gyr
(compare black and blue curves within each panel). Right: vertical
profiles for different radii (colours) at t = 12 Gyr. The profiles are
well described by generalised normal distributions (dashed lines),


































Warp star settling 15
behaviour of Rpeak just mentioned (a strictly horizontal inner
Σ(R) would imply an infinite dispersion).
As in Fig. 17, blue shaded curves represent the best
fit models of the same mono-age populations, evaluated at
t = 8 Gyr. All parameters follow similar trends with tform.
Comparison of the black and blue curves shows that the
profiles become more negatively skewed, more centrally con-
centrated and with larger dispersion over the last 4 Gyr of
evolution. Interestingly, for both t = 8 Gyr and t = 12 Gyr,
the skewness is ∼ 0 for those populations with tform ∼ t, i.e.
for the youngest populations at each snapshot. This suggests
that all mono-age populations are formed with (or quickly
evolve to) a Gaussian radial density profile, subsequently
evolving towards negatively skewed distributions associated
with inward migration. It is also interesting to note that, at
t = 8 Gyr, Rpeak and σR do not show the strong gradients
near tform ≈ 2 Gyr observed at t = 12 Gyr. The profiles be-
come more negatively skewed, more centrally concentrated
and with larger dispersion over the last 4 Gyr of evolution
(compare black and blue curves).
4.2 Vertical density profiles
The right panels in Fig. 17 show the vertical number den-
sity profiles ξ(z |R), with Poisson uncertainties, within cylin-
drical shells of width 2 kpc at different radii (colours), for
each mono-age population (tform indicated in the left pan-
els), evaluated at t = 12 Gyr. As a general trend, the vertical
profiles get flatter and thicker, both as a function of R (for
a fixed tform) and as a function of tform (for a fixed R). The
dashed lines represent the best fit models and we observe a
good agreement with the empirical profiles for all radii and
formation times.
Fig. 19 shows the best fit values and uncertainties of pa-
rameters β, zpeak and hz (see Eq. 13) as functions of radius,
for the same formation times shown in Fig. 17. As mentioned
above, the radial variation of each of these parameters is
modelled as a third-order polynomial, resulting in a total of
12 parameters. The left panel shows the parameter β. The
horizontal line at β = 2 represents a Gaussian distribution
and we see that no mono-age population has ξ(z |R) com-
patible with a Gaussian for all radii. The oldest population
(tform ≈ 2.1 Gyr) is the only one for which β increases mono-
tonically as a function of radius, being compatible with a
Gaussian for R & 16 kpc, while ξ(z |R) is more spiky than the
Gaussian for R . 16 kpc. For all the other populations, β
depends non-trivially on radius. However, despite this com-
plexity, broadly speaking in the range 8 . R/ kpc . 20, the
parameter β increases as a function of R (for a fixed tform)
and as a function of tform (for a fixed R). The location of
the peak, shown in the central panel, also has non-trivial
dependencies on R, if we take into account all the radial
interval. In the restricted interval 8 . R/ kpc . 20, we note
two main groups, with the three oldest populations peak-
ing at small |z |, with 0 . zpeak/ kpc . 1, while for the three
youngest populations zpeak increases fast with radius, achiev-
ing zpeak ≈ 4 kpc. This suggests some abrupt change in the
final 〈|z |〉 for stars formed at tform ≈ 5 Gyr. Finally, the scale
parameter hz is shown in the right panel. Once more, despite
the complex radial dependence, if we restrict to the inter-
val 8 . R/ kpc . 20, we note an approximately monotonic
increase with R, i.e. flaring vertical profiles, with younger
populations flaring more than the old ones.
In summary, stars formed in the warp make their way
into the disc and settle into radial density profiles which can
be described as skew-normal distributions (Azzalini 1985),
with young stars approximately described by Gaussians
peaking at a radius close to where the warp reaches its peak
tilt, and which evolve to increasingly negatively skewed dis-
tributions and smaller Rpeak for older populations. The ver-
tical density profiles are well described by the generalised
normal distribution (Nadarajah 2005), and become flatter
and thicker, both as a function of R and of tform.
5 DISCUSSION
We have studied the dynamical evolution of stars formed in
the warp of an N-body+SPH simulation. We showed that
the warp stars experience a rapid tilting, becoming more
aligned with the disc (Figs. 6 and 7). The extent by which
warp stars can tilt into the main plane is limited by the
speed with which differential precession disrupts a coherent
warped plane. Warp populations in the simulation tilt by
. 5◦. Once they have tilted, warp stars continue to expe-
rience differential precession, which drives phase-mixing, a
slower process that continues much longer. After settling,
the warp stars populate the geometric thick disc (Fig. 16),
in good agreement with the results of Roškar et al. (2010),
who showed that the warp stars in their cosmological simu-
lation end up populating a geometric thick disc.
In Figs. 13 and 14 we found that the average radial po-
sitions of the warp stars are constantly decreasing even after
settling. This decrease in the average radius is partly due to
the fact that no warp stars, by our definition, are formed
inside 10 kpc, which means that there is a net inward migra-
tion of warp stars. This decrease by itself is not evidence of
radial migration, since the stars might be reaching smaller
radii via heating. Stars need to be on low-eccentricity orbits
to migrate radially via spiral churning (Sellwood & Binney
2002; Roškar et al. 2012). We found that warp stars have low
eccentricities after they settle into the disc, making them
susceptible to spiral churning which drives radial migra-
tion. Though warp stars populate the geometric thick disc
(higher |z |), that does not exclude them from radial migra-
tion since thick disc stars can migrate (Solway et al. 2012;
Mikkola et al. 2020; Beraldo e Silva et al. 2021).
5.1 The role of subgrid physics
The fiducial simulation presented in this work was run with
a low gas density threshold to promote star formation in
low-density regions, such as the warp. The resulting large
number of warp stars (∼ 6 × 105) allow us to examine the
settling process in detail. At the same time, the total number
of warp stars is still overall low (∼ 18% of all stars) which
means the low star formation threshold is not biasing the
overall evolution of the galaxy, including the warp settling
and migration processes themselves. We repeat part of the
analysis of Section 3 on the supplemental warped simulation
described in Section 2.2, which has different subgrid physics,
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Figure 18. Derived quantities from the best fit models of the radial density profiles for different mono-age populations, evaluated at
t = 12 Gyr (black) and t = 8 Gyr (blue). The skewness (left panel) is approximately zero for young populations (large tform) and gets
progressively more negatively-skewed for older populations (small tform). The central panel shows that the profiles peak at Rpeak ≈ 14 Gyr
for tform & 5 kpc, and drops quickly to Rpeak ≈ 4 kpc at tform ≈ 2 Gyr. The dispersion (right panel) is σR ≈ 5 kpc for tform & 5 Gyr and increases
rapidly for tform . 5 Gyr.

















































Figure 19. Best fit parameters of the vertical density profiles, Eq. 13, for different mono-age populations, colour-coded by the formation
time. All quantities have complex radial dependencies, but are simpler in the restricted interval 8 . R/ kpc . 20, where, broadly speaking,
all quantities increase monotonically with radius for most populations. The β parameter (left panel) of no population is compatible with
a Gaussian (horizontal dashed line) for all radii, while young populations (red) are highly non-Gaussian. The central panel shows the
peak location, which seems to split into two groups: old populations (tform . 5 Gyr) peak near the plane (0 . zpeak . 1), while for younger
populations zpeak increases rapidly with radius, achieving zpeak ≈ 4 kpc. The right panel shows that, broadly speaking, the scale parameter
hz increases with radius (flaring profiles), with younger populations flaring more than the older ones.
result is presented in Appendix A. The warp in the supple-
mental simulation wanes (Fig A1), with a ∼ 5 kpc decrease
in its |zmax | over 6 Gyr. Throughout its 10 Gyr evolution, the
simulation produces 2.5 × 105 warp stars (Fig A3), which is
∼ 10% of all formed stars, while the fiducial simulation pro-
duces twice as many warp stars by t = 10 Gyr. We observe the
same settling process in the warp populations of the supple-
mental simulation (Fig. A4), however, the settling timescale
is noticeably shorter, consistent with a smaller warp, result-
ing in warp stars forming closer to the galactic disc. Warp
stars in the supplemental simulation also experience migra-
tion (Fig. A5), with 70% of warp stars moving inwards. Thus
the settling processes of warp stars are the same regardless
of the subgrid physics.
What is strikingly different when the subgrid physics
are changed is the vertical age profile. The negative vertical
age gradient shown in Section 4.2 is not present in the sup-
plemental simulation, but instead the distribution of 〈tform〉
appears to decrease with |z | (Fig. A6, right panel). This is
similar to the vertical age distribution observed in the MW
(Laporte et al. 2020). Determining the cause of the oppos-
ing gradients is outside the scope of this work due to the
parameter differences of the two simulations (see Section 2).
However, we hypothesise that the lower gas density thresh-
old (thus large number of warp stars) and growing warp play
a role in forming a negative gradient as warp stars continue
to form at increasingly higher θL and |z | (Fig. 8) and, sub-
sequently, settle at higher |z |. Lastly, we find that the warp
populations in the supplemental simulation also settle onto
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lus (Fig. A5). As a result, the settling and inward migration
of warp populations in our simulations appear to be generic
for stars formed in the warp regardless of the subgrid physics
employed.
5.2 Consequences for the Milky Way
5.2.1 Stellar populations tracing the warp
The study of stellar populations in NGC 4565 by
Radburn-Smith et al. (2014) showed that the Hi warp is
traced by young stars (age ≤ 600 Myr), while older (> 1 Gyr)
stars are symmetrically distributed around the mid-plane.
More recently, the Chen et al. (2019) discovery of a warp
signature in the MW’s Cepheid distribution also reaffirmed
that star formation can occur in the Hi warp. From the pop-
ulations they considered, they found that only the youngest
one, namely the Cepheids, closely traced the Hi warp. This
suggests not only that the Cepheids formed in-situ, but also
that the MW’s warp cannot have a purely tidal origin, since
a corresponding warp signature would have been observed
in other stellar populations in a tidal scenario.
In Section 3 we showed that, in our fiducial simulation,
warp populations initially trace the gas warp (Fig. 5) and
present an m = 1 distribution in angular momentum space
(Figs. 9 and 10). However, we also observed how the corre-
spondence between the warp stars and the gas warp faded
as these stars tilted and phase-mixed into the galactic disc.
The decoupling happens rapidly during the first 0.3 Gyr of
each warp population’s evolution, indicating that only the
youngest populations would trace the warp. This suggests
that misaligned gas accretion, rather than tidal interaction,
is the predominant cause of the Milky Way’s warp.
5.2.2 Warp stars in the Solar annulus
Another important question is whether warp populations
can eventually reach the Solar Neighbourhood. The warp
stars in our simulation form at increasingly large radii, and
in any case are all formed outside R = 10 kpc, and therefore,
in order to observe them in the Solar Neighbourhood, these
stars must migrate radially. In Section 3.4 we have shown
that warp stars migrate inwards to quite small radii via spi-
ral churning. We conclude that stars forming in the Milky
Way’s warp can indeed be found in the Solar Neighbour-
hood, contaminating the thick disc. Note that our fiducial
simulation is tuned to promote star formation in the warp,
so we expect that warp stars in real galaxies, such as the
MW, will form only a trace population in the geomtric thick
disc. The age range of warp stars at the Solar annulus of our
fiducial simulation shows that due to the diffusive nature of
migration, the only young warp stars that can be observed
are those born closest to the Solar annulus (see right panel
of Fig. 14). Young warp stars born further in the warp expe-
rience rapid tilting, but do not have enough time to migrate
to the Solar Neighbourhood, unlike older populations which
are observed throughout the disc.
Since the detailed history of the warp in our fiducial
model is unlikely to match that of the Milky Way’s warp, we
refrain from more direct comparisons of our fiducial model to
the Milky Way. Indeed we see that the negative age gradient
in the outer disc shown in Fig. 16 is opposite to that observed
in the MW (Laporte et al. 2020; Iorio & Belokurov 2021).
However, this age gradient is only a feature of this specific
model, in which the subgrid physics have been set to promote
copious star formation in the warp. Instead, the supplemen-
tal simulation in Appendix A, evolved from the same initial
conditions but with different subgrid physics which are less
favourable to star formation in the low density gas of the
warp, has a vertical age gradient of the same sign as the MW.
Nonetheless, one observation that both models can match
is the presence of younger (. 3 Gyr) flaring populations at
higher |z | on the outskirts of the MW (Mackereth et al. 2017;
Feuillet et al. 2019; Sharma et al. 2021). Based on the flared
warp populations in Section 4, we speculate that if the MW
warp formed via misaligned gas accretion, then warp stars
that have tilted may explain, in part, the presence of young
flaring populations on the outskirts of the MW.
5.3 Summary
We have selected populations of stars formed in the warp of
an N-body+SPH simulation. We identified warp populations
by first measuring the inclination of the angular momentum,
θL , and cylindrical radius, Rform, of each star at formation.
Then, we isolate a highly inclined stellar population that
formed on the outskirts of the galactic disc, identifying these
stars as a warp population. We proceeded to analyse the
dynamical evolution of the warp stars and, in summary, have
shown that:
• Most warp stars tilt to become more aligned with the galac-
tic disc by ∼ 5◦. Orbital tilting is evident from the mean tilt
of the angular momenta, θL , and the mean absolute height
above the mid-plane, |z |, of mono-age warp populations,
which experience rapid declines during the first ∼ 1 Gyr be-
fore becoming roughly constant. Using the θL and |z | rates
of change, we found tilting times ranging from 0.25 Gyr to
1.75 Gyr. Warp tilting ends when differential precession of
different radii disrupt the coherent plane of the warped pop-
ulation. Once tilting is over, the average height of a popula-
tion remains approximately constant.
• Mono-age warp populations phase-mix in angular momen-
tum space via differential precession at different rates. Stars
are completely homogeneous in the distribution of the an-
gular momentum azimuthal angle φL after ∼ 6 Gyr.
• The time derivative of the vertical angular momentum, Lz ,
along with that of the radial positions is negative after 1 Gyr
for all warp populations and both decrease until the end of
the simulation. This is suggestive of inward radial migration
of warp populations.
• We found that almost all warp stars that have settled are
on close to circular orbits, with mean eccentricities ranging
from 0.2 to 0.3 for all settled warp populations. These low
eccentricities indicate that warp stars are able to migrate to
the inner disc via spiral churning.
• A detailed modelling of the density distribution of settled
warp stars finds that their initial torus-shaped density dis-
tribution is slowly filled in as warp stars migrate to smaller
radii. Because the warp in the fiducial model grows with
time, the warp populations settle to increasingly thicker
tori/discs.
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our model the flaring increases with the formation time of
the population, an indication of the growing warp.
• By means of a supplemental simulation which implements
(more realistic) subgrid physics less favourable to star for-
mation in the warp, we demonstrate that settling processes
are unchanged. However the resulting reduced amount of
star formation in the warp, and the smaller warp, result in
a vertical age gradient which is opposite to that in the fidu-
cial model. We conclude that age profiles cannot constrain
the warp’s formation mechanism but only its star formation
history and evolution.
• We find that, at formation, warp stars trace the gas warp
but then quickly (∼ 0.3 Gyr) lose coherence as they settle
into the disc. This result matches observations in the MW
and NGC 4565 that only younger populations trace the Hi
warp.
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APPENDIX A: SUPPLEMENTAL SIMULATION
The fiducial simulation has a low star formation threshold to
promote the formation of stars in the warp. To reaffirm that
stars can still form in the warp, settle into the disc, and reach
the Solar Neighbourhood regardless of the star formation
threshold, we repeat the analysis performed in Section 3 on
a supplemental simulation. This simulation has the same
initial conditions as the fiducial simulation, however, it uses
different subgrid physics (absence of metal-line cooling), has
a higher density threshold (by two orders of magnitude),
and the stellar feedback has more energy coupling to the
gas (4 × 1050erg).
A1 Warp evolution
The extent of the gas warp in the supplemental simulation
is shown in the top rows Fig. A1 where we present the edge-
on column density of cold gas at four different times. In the
span of 6 Gyr the gas warp decreases in both radial and ver-
tical extent, becoming less inclined relative to the disc. In
the bottom row of Figs. A1 we present Briggs figures for
the stellar (black) and cold gas (red) discs, where the tri-
angle (square) marker represents R = 10 kpc (R = 20 kpc).
The θL and φL angles are calculated for the mean angu-
lar momentum vector in each bin of a cylindrical grid with
0 ≤ R/ kpc ≤ 20 kpc and ∆R = 1 kpc. The cold gas warp ex-
periences a ∼ 6◦ decrease in inclination over the 6 Gyr, while
the stellar warp decreases in extent and then flattens simi-
lar to the stellar disc in the fiducial simulation. In Fig. A2
we show the profiles of the surface density, Σ, (top) and of
θL, gas (bottom) for the cold gas disc in the supplemental
simulation at five different times (colour), where R′ is de-
fined as the cylindrical radius in the cold gas plane at each
annulus. Over the model’s evolution, the inclination of the
cold gas warp decreases by a factor ∼ 2 at R = 15 kpc. The
warp appears to also decrease in mass and size as the Σ pro-
file decreases beyond 15 kpc and drops from R′ ∼ 25 kpc to
R′ ∼ 20 kpc by t = 10 Gyr.
Similar to the fiducial simulation, we record the phase-
space coordinates and time at formation, tform, for every star
in the supplemental simulation to compute Rform and θform.
We use the same warp star definition as in Section 2.4 to
define the primary warp population in the formation space.
Fig. A3 shows the distribution of 〈tform〉 (top) and 〈|zform |〉
(bottom) in the formation space. We observe a familiar ”tail-
like” region at Rform > 10 kpc (outlined by a red square).
However the |zform | of the enclosed population increases with
decreasing 〈tform〉. This population forms throughout the
model’s evolution starting from 2 Gyr and lasting till the
end of the simulation, at 10 Gyr, however, the star forma-
tion rate in the warp greatly decreases after t = 6 Gyr. This
population is highly inclined (θform > 10◦) and is formed on
the outskirts of the disc; thus we define the primary warp
population in the supplemental simulation with the same
conditions as in the fiducial simulation: Rform ≥ 10 kpc and
θform ≥ 10◦. We observe the in-situ main disc population
(Rform ≤ 10 kpc and θform ≤ 10◦), and a similar old warp
population in the ”hump-like” region (2.5 ≤ Rform/ kpc ≤ 7
and θform ≥ 15◦). This early warp population derives from a
short-lived warp epoch when the model is still settling, and
we do not include it in our analysis of the warp as we did
in the fiducial simulation. We do not observe any changes in
the following results when neglecting this population.
A2 Warp star settling and distribution
The top panel of Fig. A4 presents the θL (Eq. 6) evolu-
tion for all mono-age warp populations in the supplemental
simulation that formed during 2 ≤ tform/ Gyr ≤ 8, in bins
of ∆tform = 50 Myr. All warp populations experience a rapid
drop in θL by δt ∼ 0.7 Gyr, followed by a smaller and gentler
rise. The bottom panel shows the rate of change of θL ,
Û
θL ,
for the same populations. The horizontal dotted line repre-
sents ÛθL = 0◦ Gyr−1. We observe that ÛθL starts out negative
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Figure A1. The structure of the gas warp at different times (upper left corner) in the supplemental simulation (see Section 2). Top
row: The edge-on column density distribution of cold gas (T≤ 50, 000 K) in the simulation. Middle row: the face-on mean height, 〈z 〉,
distribution of cold gas (T≤ 50, 000 K) in the simulation. Bottom row: The Briggs figures for the cold gas (red) and stellar (black) discs.
There are two distinct markers that show values at R = 10 kpc (triangle marker) and at R = 20 kpc (square marker).
value of ÛθL ∼ 0.5 deg Gyr−1. The tilting of the warp stars
in the supplemental simulation appear to be very similar
to the ones in the fiducial simulation. However, the settling
timescale is noticeably faster as the median rate of change
reaches 0◦ Gyr−1 by δt = 0.5 Gyr and a positive gradient can
be observed with younger stars forming less inclined to the
disc. In Fig A5 we look at the relation between the formation
radius, rform, and the final radius, rend, for all warp stars, to
confirm that inward migration still takes place in the sup-
plemental simulation. The left panel shows that 70% of warp
stars move inwards, which is similar to the fiducial simula-
tion. The 〈tform〉 distribution in the right panel shows that
stars older than 〈tform〉 ≤ 6 Gyr are able to reach the Solar
annulus.
Fig. A6 presents the edge-on distributions of warp and
in-situ stars at t = 10 Gyr in the supplemental simulation.
In the left panel, the contours show the number density dis-
tribution of warp (red) and in-situ (black) stars. Similar to
the fiducial simulation, the warp stars in the supplemental
simulation occupy the geometric thick disc, however, we ob-
serve an inversion of the vertical age profile as the 〈tform〉
appears to decrease with |z |; this profile is contrary to the
one in the fiducial simulation.
We demonstrated that warp stars form, settle, and mi-
grate inwards in simulations regardless of their stellar feed-
back, gas density threshold, warp morphology, and gas cool-
ing physics. We conclude that the negative age gradient ob-
served in the fiducial simulation occurs due to the relatively
high star formation rate in the warp, as well as the growing
warp.
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Figure A2. Profiles of the surface density, Σ, (top) and θL, gas
(bottom) in the cold gas of the supplemental simulation at differ-
ent times (colour), where R′ is the cylindrical radius in the cold
gas plane at each annulus. Figure A3. The distribution of stars in the formation space of
the supplemental simulation, coloured by the mean time of forma-
tion (top) and by the mean absolute formation height, 〈 |zform | 〉,
(bottom). Bins that contain less than 10 stellar particles are not
shown. The black lines show the number counts in the formation
space for both panels. We define stars formed in the warp as those
with θform ≥ 10◦ and Rform ≥ 10 kpc, the ”tail-like” region outlined
by the red square. A population of stars that was formed in an
early, transient warp at low radii (Rform ≤ 5 kpc) and high inclina-
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Figure A4. Top: evolution of θL for all mono-age warp popula-
tions formed in the supplemental simulation before tform ≤ 8 Gyr,
where δt is the time since a population’s formation. Each curve
is coloured by tform. A 1D Gaussian filter with a mask size of
w = 0.5 Gyr and standard deviation of σ = 0.1 Gyr is applied to
the evolution at each δt. Bottom: evolution of the rate of change
of θL ,
Û
θL , for the same mono-age warp populations. The rates of
change are calculated from the smoothed evolution curves. The
solid black line represents the median rate of change between all
mono-age populations which has a tilting time of τtilt ∼ 0.5 Gyr.
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Figure A5. Distribution of spherical formation radius, rform, versus the spherical radius at the end of the supplemental simulation, rend,
for warp stars coloured by the number (left) and by the mean time of formation, tform (right). The diagonal solid line indicates rform = rend.
Stars that are below the rform = rend line comprise 30% of the total warp star sample. The vertical dotted line indicates the location of
the Solar annulus.
Figure A6. Edge-on views of the supplemental simulation with a high star formation threshold (see Section 2) at 10 Gyr. Left column:
number density contour plots of the warp (red contours) and main disc (black contours) populations. Right column: distribution of the
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